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1 Introduction 

In a recent paper [1] we have developed the covariant gravitational dynamics in a 3+1+1 dimensional 
space-time in the spirit of the general relativistic 3+1 covariant cosmology [2], generalizing both pre- 
vious approaches to 5-dimensional (5d) gravitational dynamics [3], brane 3+1 covariant cosmology [4] 
and 2+1+1 covariant dynamics [5]. Such a formalism may turn useful in discussing perturbations on the 
brane [6]. The singled-out directions are the normal n a to the hypersurface representing the time-evolving 
3-dimensional space (the brane with metric h a b and tension A) and a temporal direction u a tangent to this 
hypersurface. All employed gravitational variables are projected to the brane. They consist of kinemati- 
cal variables (0, cr a b, w a b, A a , K a , L a ) related to the vector u a ; analogous quantities, carrying an overhat, 
related to n a ; two kinematical scalars (K, K) related to both; finally gravito-electro-magnetic quantities 
(£, Tik, Fki,£k, £k,£ki, £kh 7~tki,T~tki)- For details on the definitions of these quantities see Ref. [1]. The 
matter on the brane has been decomposed as T a b = pu a Ub+q( a Ub)+ph a b+^ab, while possible non-standard 
model fields nesting in the 5d space-time as T a b = pu a Ub+2q^ a Ub)+2qu^ a n b ^+ph a b+nn a nb+2n^ a n b ^+n a b. 
The gravitational coupling constants k 2 and k 2 = k 4 A/6 act in 5d and on the brane, respectively. 

The generic form of the evolution and constraint equations in the 5-dimensional spacetime were given as 
Appendix C of Ref. [ 1 ] and they were specified on a ^-symmetrically embedded brane in Subsection IV.D. 
The embedding however is not necessarely symmetric: an asymmetric embedding is known to generate 
late time acceleration in a cosmological setup [7]. Therefore here we generalize the formalism to an 
asymmetrically embedded brane. Following the recipe presented in Subsection IV.D of Ref. [1], we give 
here the evolution and constraint equations obtained both as averages and differences across the brane. We 
denote the average over the two sides of the brane of any quantity by angle brackets and the jump by A. For 
the extrinsic curvature components K. = (O, a a b, K, K a ) the latter is directly related to the brane matter 
variables and brane tension cf. the Israel-Lanczos condition, Eqs. (76)-(79) of Ref. [1]. Angle brackets on 
indices indicate projection to the 3-space, symmetrization and trace-free character. 
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2 The average equations 

The evolution equations arising as averages are: 

0= (<d)-D a (K a ) + (K+®)e-2(K a )A a + (d ab )a ab -K 2 (q) , 

Q={K {a) )-D a {K-^Q)-D b (d ab )+^(K a )-{K^ 



= H {kj) +e ab{k D a E b ) + -e ab{k D a (£ b } ) + eH kj -3a a{k H« ) -^ a{k H^ -2s {k ak 'E j)a A b 



2 

2 

1 



3 ' 2 



>{k D a (d j)c ) +(Q)(K {k )uj j) +\e ab{k {d 3)c )D a (d cb ) + ^e (k ab ( J 3)a {K b ) 



1 



- - £ab<fc (jfy )D a (A' b ) - ^ a6(fc (K b ) D a (K j) )+ ^e {k ab a j)b (a c a )-^^(a a {j ) t 
£ab{kD a TT j ) c 7r cb +e ab { k 7r : j' )c D a 'K cb - -e^ k cd -Kj) c D d (p+3p)-e ab ( k q b D a q : j' ) 



(2X-p-3p) 



£ab(kD a TT b ) -(X + p) ^(kQj)~ 



2(A+p) ab 



Vj) a qb~£ a b{kqj)D a q 



e (k ^ 3 )bKqc + 5Tr a {j u) k) q a 



—e ab(k D a {n b ) )-K 2 {q (j )uj k) -—e {k ab <i j)a {q b ) , 



= £ <Jtf > - i (I <fcj> ) -e ab(k D a H b } + ±D (k (£ J} ) + OE kj - | (S kj ) + (£ {k )A 3) - 1 )tr fcj 



D (&j)b}+ 2 UJ ])a{K a ) + (aj) a )A a - -<j^ b (K b ) — (K^ ) 



Q 



(°(kj) ) + T @kj ) -2{K {k )A j} + {d a {k ) (u j)a +a j)a ) 



~2^\ 

+( 5a0 .)^ ) (^)-M(^ fc >a, >o -|^,)(a fe>a )+^ 



(K a )(Ka) 



27r (i 7r A . )a H D {k q 3) -TT u D k) q a —q a D( k 7Tjj -\ [p+pj (7 kj -n {j u k ) c TT a 

-a,j k q a q a -2-K atx3 A k) q a + q(J^2D b i: j)b + 3u j)a q a -2Tr j)a A a -o j)b q b -^q j ) J -^{k a j)a 



(2X-p-3p)f. e „ , a a \ e a 

H 3 I +- 3 - 7r fcj+ 2 9(fc^>+ 7r (fc w j)a + 7r (^>a I ~ ■3 7r O' 7rfc >° 



K 2 ~ „ _ _ 

^(fe(%-> )- (""(fe) <^j> >— x9(fcA7Tj> +4<<f <fc )A ? - ) + (p+p)cr jk + — (n jk ) + (n a {j )(uj k)a + <7 k)a ) 
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x 46-1 A(£) ~ - ~ ~ 

0=(£ {k) ) + — (£ k )--D k (£) —Y-Ah- D a {£ ka ) - {£ ka )A a - {u ka - a ka ) (£ a ) + (K a ) 



^<fc a ))+^fe(^D-2I) fc (if a )+I) a (K fe }-2A (fc (X Q) )-a fca (^)+£ CQ6 ^(^) 



+ (a ab ) 



D k {a ab ) + -{K k )a ab 



-D k (e)-D b (d kb )+-^-(K k ) 



Z%)D b (a ka ) 



+^D a (K a )+e k ab (K c )(d£)uj a -^D a (e)^ 



~A q a 
T 



+CTba^ k -£cab^> b ^ k ] ~ 



l^ ab 



2q k 



&ab-D k ir ab 



+ 



(P+P) 



(i 



D kP --D b TT kb -e qk 



K 

12 



g fc D a g -37r?D B 7r fco -7r^ a p-3e fc ab g c a; a 7r 



4 ^ -J/W 

(^)>-(^)<9 fc )-<5)<2/^ + A^.) +(^ a )(l a )-(i-p)(A fe ) -^^(tt") -^Ag 

gC2^-3p) 5^ M _ A> [A(^l Al - 

12 8 4 4 4 4 



= (£) - D a (£ a ) + -Q(£) + (£ ab )a ab -2(£ a )A a + (d ab ) 



(°(ab) > - D a (K b ) + (K+®)a ab 



-2A b (K a ) + ®(d ab )+a ca (di) +(K a ) 

^(ab)+D a qb + 2Abq a + ^^ab + {p+p) Ca6 + cr co 7r£ 



2 -~ 26 — — 

-D a (6) - D b (d ab ) + — (K a ) - (K b )a ab 



, 2 26 b 

D ■Kab~7^D a p+—q a -(j ab q 



+ 



k 4 (A+p) 



Ao 

6 ^ 3 



2 r 



3(p-TT+p)- 



+ D a (q a ) + e(p+p) + (e)(q) + 2(q a )A a + (n ab )a 



ab 



= d){ a) --e a cd D c A d + — Lu a -a ab uj u , 



26 
3 



= 0-D a A a + ^--A a A a -2u; a cj a +<j ab <j ab + ^ ( p+ 3p)-A + ^- (2p+3p) 



- ^q a q a + (6) (K) (K a ) (K a ) ~(£) + Y (p+n+p) , 



= a-(ab) -£'(aA) + -^-c r afc -y4( a A f) )+W( a w fc )+cr c ( a cr^ +E ab + -^(k-^)(a ab ) +- L -^- 
l,f> w s x 1/- w ^ c , k 2 k 4 r c (2A-p-3p) 

-^\ K (a){^b)) +^(cr c ( a )(cr h) )-— (7T ah ) +— Tr c (a^ b )~q(aqb) o ^fc 



Copyright line will be provided by the publisher 



4 



Z. Keresztes and L.A. Gergely: Covariant dynamics on the brane 



The constraint equations arising as averages are: 



0= D a H ak -^lu k + 3E ka co a + ^-(E a % +^ 



D a (£ b ) - 2E ac a c b + (£ ac )a c b -(d^)D b (lQ 



-^f^a<e) -^D a (K b ) + a ac (K°){K b ) + (a d J{a*)a c b -(K c }D b (d ac ) 



-^{K k ){K c ) 



+ \(K f ) [{al)u c +e k a \a ac )at}+^i{K + ^) Uk -^[(K a ){K a ) + {a ab )(a ab ) 



W V w ~. x K A e k L 



^q b D a p+ 2 ^g^ —D a qb+q c D b ir ac + <T a cq c qb + ^da^c <7 b + K D bq c 



K 



^±fl [p + p)uj k - (2A 9 iV) (n&c + S k ab ir ac a c b ) - q a q a uj k - q c uj c q k 



nb 



KabK U k +7T CQ 7r fe CJ 



K 2 K 2 9k 2 K 2 

Y (n ka )uJ a + Y e k ab D a (q b ) + — (p + p }uJk —- €k ^ a)(Tbc 



-e a CK D c uj k + 2e a CK A c uj k - 



(i 



'la 



^-7T o6 - ^(Ka) + (°ab)(K b ) + (£a) + -y- (5a) 



= £> a w o -A^ a , 

= ^ (c w fc) +£ ab(fc ^ fc ( T c a ) +2A (c ^ > +if a 



^— (-K /CTfebH — L> k {<T ab ) — D k (K a ) H — D (Kfc)H — L> (X a ) 

q ^ ^ ^ Pi ^ opt ^ ^ k 4 

+ 2^ ad (^){^K + (e)£ fc Cd {A- c K + -{a«)(A' a }- — 

A -^D kP+ *-fD« (p+ap) - (2A -;- 3p) ^ 7 r afc+ <D" 7rcfc -^D fc7ro6+7 r fcb D^ 



-q a D a q k -q k D a q a + 3e k ad q c LU a TT c d -TT b a q a a kb 



2(X+p) 



29 



, <?kbq°- —Ik + 'Se k cd q c uJd 



2 <f „ 26 ' 
— D k q a + —n k q a 



k 2 k 2k 2 k 2 

+ —D a {-K ak )-—D k {p-TT+p) + — Q(q k )- — (q a )(iuj ka + a ka ) 



3 The difference equations 

The evolution equations arising as differences are: 

p+(p+p)9 + ^ a ( 7 a + 2 (Z a A a +^ af)( T a5 =-Ag 



g( a )+-D a P+-D 7r ab + -<dq a + a ab q -ui ab q + (p+p) A a +n ab A =-An a , 
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= A£-D a A£ a + -®A£ + a ab A£ ab -2A a A£ a + k 2 



7r ab D a (K b ) - (d ab )D a q b -q a D b {d ab ) 



+ (K a )D b n ab + ^yD a <§} - ^^D a p- n ab (Z {ab) )-ir {ab) (3 ab ) -2A a q b {3 ab ) + 2A a rt ab (K b ) 
-^n ab (d ab )-(p+p)a ab {d ab )-(K+j)a ab n ab -2a ca n ab 



= A£ {k) + ^QA£ k -^D k A£-^A k A£ -D a A£ ka -A£ ka A a -{uj ka -a ka )A£ a +Ti 2 



b) +(k+®)D\ kb - 2{p+p) 



D k (Q)-l(K+®)D k p-2q a D k (K a ) 



-2(K a )D k q a + q a D a (K k ) + (K a )D a q k +^D a q a ~n ab D k (3 ab )^(d ab )D k n ab 
+KD b {d ka ) + {d a b )D b ir ka + ^D a (6) + ^D aP -n {ka) (K a )+q a {d (ka) )+q a a ck (d c a ) 



-a ck -nl {K*y^£±P±0(K k ) + ^-{K+j)q k - 2q a A {k (K a) ) - 2A (k q a} (K a )+a ba n b (K a ) 

-Vbaq a {Zi} + lqk<Ta b (v ab )-lva b K a \^)+S C a b q a UJ b 



1 



2k 2 



e, 



e k ab Wa < (K c )--An[ k) +-D k A(p+3n-3p) + —(2X-p-3p)(n k ) + -(K--)An k 



9* \ 2(g fc ) A ^ 2(K) 



2(5) 



+ ^ D a ( K a )- -A^LAK -^-±Aq k --(2K k + K k )Aq 



■ o s 2(A a ) 

2n 2 q k + AK k ) + -±—LAir ka 



.^A^-^A^-^-^Al. + ^^^-^A^" 



0=A£ {kj) -D {k A£ j) + ®A£ kj -2A {l A£ j) + ^A£-(uj a{k -a a{k )A£J ) +K 2 ^^D {k q j) 
+^ j D k) (K a )-(af j )D k) q a -2q (k D b (a j)b )+2(K {k )D% )b + 



■<--!> 



+ 



(2A-p-3p) 



e 



( 5 <fcj> ) + T (%> + V 5 ?*) ( w J>a + 0-,-)a)-2(if<*> A,-) 



■X{jU k ) c {K) +q {k a j)b (K b 
2 (p+p) 



29 



2(A+p) 



^{fe(Aj))-(A'+|)a fc , 



- ?»-D(*<^>>-<^>w*)c< 



+2^ feg a <A a )-3 g<fc ^ )a (A a )-3<A ( ^ 



8A 



- 2 (Sv, y } A*) 9 - 7T C Q (S^ } o-j) a - (5J? } n c {k a j) a + = Att (fej ) + I^Aq^ + ^£> (A .Aq j> 



2<A (fc ) 



27? 
3 



2[A(p+p)] 2@ — , z, , A „ a 

A7Tj) —\Tr(k)q 3 )^ ^ o 'jk + ~g- Att jk -- (w ( fe -<7 a < fe J A^ 
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The constraint equations arising as differences are: 



^ 2 26 — 

= D a A£ ak --D k A£ -—A£ k + ('Suj ka + a ka ) A£ a + n 2 



-n ak D*(K-^)-^f±D« (p+3p)+ (2A I 3P) ' D°{d ak )-(K-^)D°n ak -nZD°(a ck ) 

-(d c a )D a n ck + ^D k (d ab )+^^D k Tr ab -Tr kb D a {d b a )+3s k ad [(K c )co a TT c d - q c Lo a (d c d ) 
-q a D a (K k ) - Tr a {K a )a kb - (K a )D a q k -q k D a (K a ) - (K k )D a q a - {d kb )D a ir b a 



-^D k (K a } + ^p-D k q a + (a b a )q a a kb + (Q) 



2 (X+p) 



26 



(K k )-a kb (K b )~Ze k cd (K c )u d 



^-qk - 1 o-fcb q b - 2e k cd q c cj d 
+ ^<(K a )-'^-{dt)q a 



2 1 46 2 

-D a An ak + -D k A (p-ir+p) — — Aq k + - (3w ka +a ka ) A<f 



k 2 - AA K 2 

= y (A-2p-3p) (e)-n 2 (X+p) (K)-2K 2 q a (K a )~A£- — + Y A(p+n+p) , 

2k 2 - 2k 2 - - 2k 2 

= — (X+p) (K a ) —(0)q a -K 2 ir ab (K b ) + K 2 q b (d ab ) + A£ a + — Aq a , 

K 2 K 2 - 6 „ - „ A£ ab K 2 

= — (2X-p-3p) {dab)- Y {K-—)ir ab -K 2 q {a {K b) )-K 2 ii c{a (d c b) ) + ^^ -A7r afc , 



= e, ab D a A£ b -^A£ + uj a A£ ak + e k ab <7 c h A£ ac +7? 



2(A+p) ab 



^e k ab (K b )D a p-^s k ab q b D a (Q) 



e k ab D a (K\)-^e k ab D a q b -e abk q c D b (d a c )+e abk {K c )D b n a c +e k ^ 



-e k °*(K)D b q c + (2A | 3P) [(^> c + £fc Qb (a ac )ag] - (/?- 1) [<:c c+£fc ab 7 r acg g] 



Wfe - <fw c (A' fe ) - (K c )uj c q k 



+e k ac a ab q b (K c )+e k ac a ab (K b )q c -Tr ca (al)u, a ^ 
-^An ka + 2 -e k ab D a Aq b + (p+p) - V An a 



2_ ab 



= e ai{k D a tej ) -e {k ab a j)a A£ b -3u < di£ j) -&'e {k 



n ])a D b (K-^)+ { -^D b (p+3p) 



-u j)b -K c a (K c )+ a j)b (al)q c - 
\(2X-p-3p) nQ/cb 



2 (X+p) 



<?3)a(Kl 



2(6) 



2a 



-CTj)a.qb 



.))" 



Aq b 



+ K e ab{k 



3 



cb 



3 3 

^_\f)a r b na_ /~cfc\ 

3 ~ x " 3' 

a cb ) - (% c }£ a 7r cb - q j) D a (K b )-(K j) )D a q b - q b D a {K j} )-{K b )D a q 3) 

3^ ) (k a )-3(a] ) )q a -2(X+p)(k j) )+2(Q)q j) -2Aq j} . 

Copyright line will be provided by the publisher 



adp header will be provided by the publisher 



7 



4 Concluding remarks 

Both the average and the difference equations reduce to the corresponding equations given in Subsection 
IV.D of Ref [1], by taking into account that in the particular case of a symmetric embedding for quantities 
defined with an odd (even) number of n a , the conditions A/ = 2/, (/) = (A/ = 0, (/) = /) hold. In 
particular, the extrinsic curvature components K, belong to the first group. 
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